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ABSTRACT
Non-local interactions are assumed for the deuteron with form factors
gC(k) = j0(b1k) j0(b2k) for the central part responsible for the S-state and
gT (k) = j1(b1k) j1(b2k) for the tensor part responsible for the D-state, where b1
and b2 are range parameters for the proton and neutron, respectively. The analytically
obtained wavefunctions in coordinate space have different forms in three different
regions. The inner most region is between r = 0 and r = b2 − b1 (assuming
b2 > b1), followed by a region between r = b2 − b1 and b1 + b2 and finally the region
r > b1+b2. The resulting wavefunctions and their derivatives are found to be continuous
at the boundaries. The ensuing calculations are simplified by setting b1 = b2 = b.
Good agreement is obtained for the quadrupole moment. Neutron-proton scattering
calculations will follow in the next communication.
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1. Introduction
Non-local interactions for the neutron-proton scattering and bound state (the
deuteron) are written in the form
VC(k, k
′) = −λC
M
gC(k) gC(k
′), (1.1)
and
VT (k, k
′) =
λT
M
gT (k) gT (k
′), (1.2)
where VC(k, k
′) is the central part responsible for the S-State of the deuteron and
VT (k, k
′) is the tensor part corresponding to the D-state of the deuteron. λC and λT
are the strengths of the central and tensor parts of the potential, respectively and are
assumed positive. The form factors gC(k) and gT (k) are assumed to be of the form
gC(k) = j0(b1k) j0(b2k), (1.3)
and
gT (k) = j1(b1k) j1(b2k), (1.4)
where jl(bk) is a spherical Bessel function of order l, b1 and b2 are range parameters for
the proton and neutron, respectively. The deuteron (reduced) S- and D- wavefunctions
in momentum space, u(k) and w(k), respectively are then [1,2]
u(k) = A
√
2
π
j0(b1k) j0(b2k)
k2 + α2
(1.5)
and
3
w(k) = B
√
2
π
j1(b1k) j1(b2k)
k2 + α2
, (1.6)
where A and B are the normalisation constants for the S- and D- wavefunctions,
respectively and α2 = M |Ed|, M is mass of the nucleon, Ed is the energy of the
deuteron.
Using
u(r) =
√
2
π
r
∞∫
0
k2dk u(k) j0(kr), (1.7)
w(r) =
√
2
π
r
∞∫
0
k2dk w(k) j2(kr), (1.8)
and assuming b2 ≥ b1,
(i) for r ≤ b2 − b1
u(r) = A i0(αb1) k0(αb2) (αr)i0(αr), (1.9)
w(r) = B i1(αb1) k1(αb2) (αr)i2(αr), (1.10)
(ii) for b2 − b1 ≤ r ≤ b1 + b2
u(r) =
A
2α2b1b2
{1− cosh[α(b2 − b1)]e−αr − e−α(b1+b2) sinh(αr)}, (1.11)
w(r) =
B
16α4b21b
2
2
{2α2(b21 + b22)− 4−
3
α2r2
[α4(b22 − b21)2 + 4α2(b21 + b22)− 8] + α2r2
+ 8αr k2(αr)[(α
2b1b2 − 1) coshα(b2 − b1) + α(b2 − b1) sinhα(b2 − b1)]
− 8αr i2(αr)e−α(b1+b2)[α2b1b2 + α(b1 + b2) + 1]}
,
(1.12)
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(iii) for r ≥ b1 + b2
u(r) = A i0(αb1) i0(αb2) (αr) k0(αr), (1.13)
w(r) = B i1(αb1) i1(αb2) (αr) k2(αr). (1.14)
The modified spherical Bessel functions il(x) and kl(x) are given by
i0(x) =
sinhx
x
, (1.15)
i1(x) =
x coshx− sinhx
x2
, (1.16)
i2(x) =
(x2 + 3) sinhx− 3x coshx
x3
, (1.17)
and
k0(x) =
e−x
x
, (1.18)
k1(x) =
e−x (x+ 1)
x2
, (1.19)
k2(x) =
e−x(x2 + 3x+ 3)
x3
. (1.20)
To simplify the calculations using these wavefunctions, set b1 = b2 ≡ b. The
coordinate space wavefunctions then become
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(i) for 0 ≤ r ≤ 2b
u(r) =
A
2α2b2
{1− e−αr − e−2αb sinh (αr)} (1.21)
w(r) =
B
16α4b4
{−4(1− α2b2) + α2r2 + 24
α2r2
(1− α2b2)
− 8(1− α2b2)(αr) k2(αr)− 8(1 + αb)2 e−2αb (αr) i2(αr)}
(1.22)
(ii) for r ≥ 2b
u(r) = A i20(αb) (αr) k0(αr), (1.23)
w(r) = B i21(αb) (αr) k2(αr), (1.24)
The S-state and D-state probabilities are calculated using
PS =
∞∫
0
k2dk |u(k)|2, (1.25)
PD =
∞∫
0
k2dk |w(k)|2, (1.26)
with the result
PS =
A2
16α5b4
[8αb− 9 + 4e−2αb(2αb+ 3)− e−4αb(4αb+ 3)], (1.27)
PD =
B2
240α9b8
[56α5b5 − 135α4b4 − 80α3b3 + 450α2b2 − 315
− 60(αb+ 1)2(2α3b3 + 3α2b2 − 7)e−2αb − 15(αb+ 1)3(4α2b2 + 7αb+ 7)e−4αb].
(1.28)
The normalisation constants A and B are, of course, related by the relation
6
PS + PD = 1. (1.29)
Initial estimates, based on fitting the quadrupole moment and the root mean
square radius show that B2 ≈ 3.0A2 for a range parameter of b = 1.475 fm. Using
α = 0.23165 fm−1, then αb = 0.342. This results in S-wave and D-wave probabilities
of approximately 96% and 4%, respectively. The resulting values for the normalisation
constants are A = 0.905 fm−1/2 and B = 1.57 fm−1/2 to 3 significant figures. The
asymptotic normalisations are then
AS = A i
2
0(αb), (1.30)
and
AD = B i
2
1(αb), (1.31)
resulting in the values AS = 0.941 fm
−1/2 and AD = 0.0208 fm
−1/2. The D/S ratio is
then η = AD/AS = 0.022. Figures 1 and 2 show u(r) and w(r) as compared with the
NIJM I potential model calculations [3].
The root mean square radius is defined by
rrms =
1
2
√√√√√
∞∫
0
r2dr[ |u(r)|2 + |w(r)|2 ], (1.32)
and the quadrupole moment by
Q =
1
20
∞∫
0
r2w(r) [
√
8 u(r) − w(r)]dr. (1.33)
Using Gaussian quadratures, one can easily perform the integrals numerically to obtain
rrms = 2.08 fm and Q = 0.286 fm
2.
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2. Conclusions
Spherical Bessel functions were used in non-local interactions describing the
deuteron. It was shown that the resulting wavefunctions exhibit different behaviour in
three different regions of coordinate space. This property is due to using the spherical
Bessel functions. The agreement with the quadrupole moment of the deuteron was to
2 significant figures. More accuracy is expected when b1 is set to be different from b2.
Scattering calculations and the 3S1 phase shifts are deferred to the next communication.
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